Let A be a unital separable simple C * -algebra with tracial rank zero and let x, y ∈ A be two normal elements. We show that x is in the closure of the convex full of the unitary obit of y if and only if there exists a sequence of unital completely positive linear maps ϕ n from A to A such that the sequence ϕ n (y) convergent to x in norm and also approximately preserves the trace values. A purely measure theoretical description for normal elements in the closure of convex hull of unitary orbit of y is also given. In the case that A has a unique tracial state some classical results about the closure of the convex hull of the unitary orbits in von Neumann algebras are proved to be hold in C * -algebras setting.
Introduction
In the algebra of n by n matrices over the complex field, two normal elements are unitarily equivalent if and only if they have the same eigenvalues counting multiplicities. One can also describe the convex hull of unitary orbit of a given self-adjoint matrix using eigenvalue distribution. Indeed, by a classical Horn's theorem ( [11] , see also [2] ), if x and y are two self-adjoint matrices, then x is in the convex hull of unitary orbit of y if eigenvalues are majorized by those of x.
In infinite dimensional spaces, one studies the closure of convex hull of unitary orbit of an operator. These results were extended to von Neumann algebras (see, for example, [10] and [13] ). Moreover, in [9] (and [4] ), the closure of convex hull of unitary orbits of normal elements in II 1 factors were also studied. Since these description are closely related to the measure theory, via spectral theory, one may expect that the original description in finite matrix algebras carries out to von Neumman algebras or at least II 1 factors.
The situation is rather different in C * -algebras since spectral theory on longer holds. However, more recently, in [30] , [27] and [28] , the closure of the convex hull of self-adjoint elements in unital simple C * -algebras with tracial rank zero (or real rank zero and stable rank one, as well as other regularities) has been studied. The current research was inspired by these researches together with [12] .
One of the convenience of study of self-adjoint elements is that the C * -subalgebra generated by a self-adjoint element has certain weak semi-projective property. Moreover, the assumption that C * -algebras have real rank zero means that self-adjoint elements can be approximated by those with finite spectrum. These advantages disappear when x and y are only assumed to be normal.
In the current paper, we study the normal elements in the closure of convex hull of unitary orbit of normal elements in unital simple C * -algebras with tracial rank zero. The weak semi-projectivity property can be partially recovered by the theorem of [8] . However, normal elements in general simple C * -algebras with tracial rank zero may not be approximated by normal elements with finite spectrum. Nevertheless, a theorem in [18] shows that the normal elements in general simple C * -algebras with tracial rank zero can actually be approximated by those with finite spectrum if a K 1 -related index vanish. Moreover, unitary orbits of normal elements in general simple C * -algebras with tracial rank zero were characterized in [23] . Using these results, in this paper, we characterize the normal elements in the closure of convex hull of unitary orbits of normal elements in a general simple C * -algebra with tracial rank zero (see 4.6 below). This keeps the same sprit of results in II 1 -factors as in [9] and [4] even though the simple C * -algebra A may have rich tracial simplex. On the other hand, say, if we assume that A also has a unique tracial state, then a purely measure theoretical description of normal elements in the closure of convex full of normal elements can be presented (see 5.11 below). We also extend the result slightly beyond the case that A has tracial rank zero (see 5.9) .
Suppose that x is a normal element in the closure of convex hull of the unitary orbit of a normal element y and y is in the closure of convex hull of the unitary orbit of x. Then, in a II 1 -factor M, x and y are approximately unitarily equivalent (see Theorem 5.1 of [4] ). In a general unital simple C * -algebra A with tracial rank zero, this no longer holds simply because the presence of non-trivial K 1 as well as infinitesimal elements in K 0 (A). However, when these K-theoretical obstacles disappear, we show that these two notions still coincide in simple C * -algebra of tracial rank zero. In particular, we show that, in a unital simple AF-algebra A with a unique trace if both sp(x) and sp(y) are connected, and x is in the closure of convex hull of the unitary orbit of a normal element y and y is in the closure of convex hull of the unitary orbit of x, then x and y are approximately unitarily equivalent.
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Notations
Let A be a unital C * -algebra, We will use the following convention:
(1) U (A) is the unitary group of A. (4) For any a ∈ A, U (a) = {u * au : u ∈ U (A)} is the unitary orbit of a.
(5) For any a ∈ A, conv(U (a)) is the convex hull of the unitary orbit U (a). (6) If p is a projection of A, a ∈ pAp, conv(U p (a)) is the convex hull of unitary orbit in pAp.
(7) T (A) is the set of all tracial states. If τ ∈ T (A), then τ ⊗ tr is a tracial state of M n (A), where tr is the tracial state of M n (C). We shall continue to use τ for τ ⊗ tr.
(8) Let a, b ∈ A and let ǫ > 0. Let us write a ≈ ǫ b if a − b < ǫ. Suppose that S ⊂ A is a subset. Let us write a ∈ ǫ S if inf{ a − s : s ∈ S} < ǫ. We may write a ∈ ǫ ′ S including the case ǫ ′ = 0 which we mean that a ∈ S.
(9) Denote by GL(A) the set of invertible elements. Recall that A has stable rank one, if GL(A) is dense in A.
(10) Let p, q ∈ A be two projections, [q] . Note, almost all the cases in this paper, A has stable rank one.
(11) Let x, y ∈ A + be positive elements. We write x y, if there exists r n ∈ A such that lim n→∞ r * n yr n − x = 0. In case x and y are projections, then there exists a partial isometry v ∈ A such that v * v = x and vv * ≤ y. If A has stable rank one and x y, then there exists z ∈ A such that z * z = x and zz * ∈ yAy.
Let K ≥ 1 be an integer. We write K x ≤ y , if there are K mutually orthogonal positive elements x 1 , x 2 , ..., x n ∈ M m (A) for some m ≥ 1, x 1 + x 2 + · · · + x n y in M m (A) and x i x and x x i , i = 1, 2, ..., n.
If p ∈ A is a projection and p x, then there exists partial isometry v ∈ A such that v * v = p and vv * ∈ xAx.
(12) A linear map ϕ : A → A is said to trace preserving if τ • ϕ = τ for all τ ∈ T (A).
(13) Let F ⊂ A be a finite subset and ǫ > 0. Suppose that B is another C * -algebra. A positive linear map L : A → B is said to be
Preliminaries
The following lemma is well-known.
Proof. There are {u i , v j : i = 1, ..., m; j = 1, ..., n} ⊂ U (A) and {t i , s j : i = 1, ..., m; j = 1, ..., n} ⊂ (0, 1) with
then a ′ ∈ conv(U (c)) and
Denote by D n the set of all doubly stochastic matrices in M n (C).
We may also write
T instead of (e 3.1).
The following is a variation of Horn's theorem (see also [2] ).
Then the following conditions are equivalent:
There is a unital trace preserving completely positive linear mapping Φ on
(4) There is a unital completely positive linear mapping ϕ on C n such that ϕ(
.., α n ) ∈ C n , and τ is the unique tracial state on M n (C).
where Σ n is the permutation group of {1, ..., n}, t σ ∈ [0, 1] with σ∈Σn t σ = 1, and v σ is the permutation on C n . One may check that
where u σ is the unitary of M n (C) induced by v σ . That is, viewing element u σ as a linear operator on C n , for any (
. Then Φ is a trace preserving completely positive contractive linear map.
(3) ⇒ (4): Let E be the map from M n (C) to C n be defined by E(a ij ) = (a 11 , a 22 , ..., a nn ) for all a = (a ij ) ∈ M n (C). For any z = (η 1 , ..., η n ) ∈ C n , define
Then one checks that ϕ meets the requirements.
Denote by e i = diag(
For any i ∈ S k , (k = 1, 2, ..., N ), define
where Tr is the non-normalized trace on M n (C). Then (d ij ) ∈ D n . In fact,
Tr(e jφ (Q k ))
Corollary 3.5. Suppose A is a C * -algebra. If {p i : i = 1, ..., n} and {q i : i = 1, ..., n} are n-tuples of mutually orthogonal projections in A with
for any i, j, and if
, then there is a unital trace preserving completely positive linear map ϕ D on pAp which maps B into B such that
Proof. There exists u ∈ U (A) such that u * p i u = q i , i = 1, ..., n. We have
Lemma 3.6. Suppose A is a unital C * -algebra.
(1) If K > 1 is an integer and {e i , p i : i = 1, ..., l} are mutually orthogonal projections of A with (K + 2)[e i ] = u [p i ], i = 1, 2, ..., l, and if 
where
Proof.
(1) We first claim the following: If
There are unitaries u j ∈ A such that
a).
Note that
This proves the claim. There are mutually orthogonal projections p j,i : 1
There is a unitary u ∈ (p+e)A(p+e) such that
Note that λ j p ′ j may be written as
By the claim above, dist(x, conv(U (x 1 ))) ≤ ǫ 1 . It follows from this, (e 3.3) and 3.1
(2) There are unitaries u j ∈ A and mutually orthogonal projections q j ∈ qAq such that u * j eu j = q j , j = 1, 2, ..., K.
Since y ∈ conv(U p (y)), by 3.1, we have y ∈ ǫ 2 conv(U (y + y ′ )).
(3) First, we consider the case (
If 0 ∈ sp(x), without loss generality, we may assume
So by 3.1,
In case 0 ∈ sp(x), we consider x − λ 1 and y ′ − λ 1 . Then 0 ∈ sp(x − λ 1 ). Replacing x, y ′ by x − λ 1 , y ′ − λ 1 , by the proof above, we have
Therefore,
In general, let projection
Then from what has been proved, x 1 + x ′ ∈ ǫ 3 conv(U (x 1 + y ′ )). It then follows from 3.1 and the fact x + x ′ = (
Proposition 3.7. Let A be a unital C * -algebra, x and y be two normal elements. Suppose that x ∈ conv(U (y)). Then there exists a sequence of trace preserving completely positive contractive linear maps Φ n : A → A such that lim n→∞ Φ n (y) − x = 0.
Proof. There are 0 ≤ λ i,n ≤ 1 with r(n) i=1 λ i,n = 1 and unitaries u i,n ∈ A such that
Then ψ n is a unital completely positive contractive linear map and
for all a ∈ A.
The following is known. We state here for reader's convenience.
where the sums converge in norm. [7] ). In other words, there are
4
Simple C * -algebras with tracial rank zero
A unital simple C * -algebra has tracial rank zero if for any ǫ > 0, any non-zero r ∈ A + , any F = {x 1 , ..., x n } ⊂ A, there exists a finite dimensional C * -algebra B ⊂ A with unit p ∈ A, and such that
If A has tracial rank zero, we write T R(A) = 0. The above definition is equivalent to the following: For any ǫ > 0 and any finite subset F ⊂ A and any r ∈ A + \ {0}, there exists a projection p ∈ A, a finite dimensional C * -subalgebra F of A with 1 F = p, and a unital F-ǫ-multiplicative completely positive contractive linear map L : A → F such that
If T R(A) = 0, then A has stable rank one and real rank zero. Moreover, if p, q ∈ M n (A) are two projections for some integer n ≥ 1 and [21] ). Lemma 4.2. Suppose A is a unital simple C * -algebra with tracial rank zero. If x, y ∈ N (A), then for any ǫ > 0, any integer K ≥ 1, and any nonzero projection r ∈ A, there exists a finite dimensional C * -algebra B of A with unit p such that
, and
Moreover, we may also assume that sp(x ′′ ) is ǫ-dense in sp(x) and sp(y ′′ ) is ǫ-dense in sp(y).
Proof. Without loss of generality, we may assume that x , y ≤ 1. Note that every unital hereditary C * -subalgebra of A has stable rank one [22] . In particular, they have (IR) (see [8] ). Fix ǫ > 0. Then fix 0 < ǫ 0 < ǫ/4. By 4.4 of [8] , there exists δ > 0 such that for any z in a C * -algebra with (IR) with z ≤ 1 and with the property that
then there exists a normal element z N in that C * -algebra such that
Let {λ 1 , λ 2 , ..., λ l } ⊂ sp(x) and let {µ 1 , µ 2 , ..., µ m } ⊂ sp(y) be such that both sets are ǫ/2-dense in sp(x) and sp(y), respectively. There are f i ∈ C(sp(x)) and g j ∈ C(sp(y)) such that
Moreover, we may assume, without loss of generality, that x i ≤ 1 and y i ≤ 1, i = 1, 2. Note that, since x and y are normal,
It follows from 4.4 of [8] that there are
Furthermore, if ǫ 0 and η are small enough, without loss of generality, we may assume that
Therefore, we may further assume that
Since A is a simple C * -algebra of real rank zero, it is easy to find a nonzero projection e 0 p ′ i and e 0 q ′ j for all i and j. Since T R((1 − p ′ )A(1 − p ′ )) = 0, by repeating the above process, one obtains a finite dimensional C * subalgebra
two sets of mutually orthogonal and mutually equivalent projections in
and y ′′ = y ′′ 2 . Using rank one projections in each M r k , we may write
Lemma 4.3. Let A be a unital C * -algebra with a unique tracial state τ and let ǫ 1 and ǫ 2 be two positive numbers. Suppose that ϕ : A → A is a unital completely positive linear map, {p 1 , p 2 , ..., p l } and {q 1 , q 2 , ..., q l } are two sets of mutually orthogonally projections with
, where λ i , µ i ∈ C. Suppose that S 1 , S 2 , ..., S N are mutually disjoint subsets of {1, 2, ..., l} such that ⊔S k = {1, 2, ..., l} and
Then there is a trace preserving unital completely positive map from A to A such that ψ(y) − x ≤ 2ǫ 2 y + 3ǫ 1 and x ∈ 2ǫ 2 y +3ǫ 1 conv(U (y)).
Proof. We first consider the case that
Then ϕ ′ is a unital completely positive linear map from A to A. Moreover, one checks that τ (ϕ ′ (a)) = τ (ϕ(a)) for any a ∈ A. Define, for i ∈ S k ,
Since ϕ is unital, for any j ∈ {1, 2, ..., l},
Since ϕ(y) − x < ǫ 1 (note that we have assume that q i = p i , i = 1, 2, ..., l), for any j ∈ {1, 2, ..., l},
(e 4.5)
This also implies that
It follows that for any j = 1, 2, ..., l,
We also have, for
By (e 4.3), for any k ∈ {1, 2, ..., N },
(e 4.9)
Let Λ + = {i : ǫ i ≥ 0} and Λ − = {i : ǫ i < 0}. Note that
(e 4.10) .13) and, by (e 4.4), for all j,
.., l}. Then, by (e 4.11) and (e 4.13),
By the Reisz interpolation, (see page 85 of [1] ), there are
Then by (e 4.4) and (e 4.9),
In other words, for any i, j,
, and define
It follows from (e 4.6), (e 4.19) that for any i = 1, 2, ..., l,
Consequently,
In general case, there is a unitary u ∈ A such that u * q i u = p i , i = 1, 2, ..., l. Put ϕ ′ = Ad u • ϕ and x ′ = u * xu. Then we can apply the above to obtain a trace preserving completely positive contractive linear map ϕ ′
Then ψ is trace preserving completely positive contractive linear map and ψ(y) − x < 3ǫ 1 + 2ǫ 2 y . 
. Note that, by 3.4 of [8] , since A has stable rank one, there exists a normal element x ′ 2 ∈ eAe such that sp(x ′ 2 ) ⊂ Γ, where Γ is an one-dimensional finite CW complex in the plane, and
where X 0 ⊂ C is a compact subset with covering dimension no more than 1 such that K 1 (C(X 0 )) = {0} and where X 1 is an one-dimensional finite CW complex in the plane. It follows from Lemma 3 of [18] that there exists x 0 ∈ N (p 0 Ap 0 ) with sp(x 0 ) = X 1 such that, for any λ ∈ sp(x ′ 2 ),
Choose any mutually orthogonal projections {e i : i = 1, ..., l} ⊂ eAe such that
. We may write
Note that, since A has stable rank one, one computes that
, (e 4.20) j = 1, 2, ..., l. It follows from (3) of 3.6 and 3.1 that
Since λ(p 0 + e)− (x 0 + x 2 ) ∈ Inv 0 ((p 0 + e)A(p 0 + e)) for all λ ∈ sp(x 2 ), by [18] , without loss of generality, we may assume that
where x 4 = l j=1 λ j q j , and {q 1 , q 2 , ..., q l } is a set of mutually orthogonal projections in (p 0 + e)A(p 0 + e).
By (e 4.20),
Thus, by part (3) of 3.6 (note x 1 = x ′ 3 + x 3 ),
We conclude that Without loss of generality, we may assume that x , y ≤ 1. By replacing y by y − λ for some λ ∈ sp(y) and x by x − λ, without loss of generality, we may assume that 0 ∈ sp(y).
Fix ǫ > 0. Put ǫ 0 = ǫ/2 14 and an integer K such that 0 < 12/K < ǫ 0 . It follows from 4.2 that there exists a finite dimensional C * -subalgebra B of A with p 0 = 1 B and there are x 0 , y 0 ∈ N (B),
where {λ 1 , ..., λ h } and {µ 1 , ..., µ N } are ǫ 0 -dense in sp(x) and sp(y) respectively, µ 1 = 0, and p i,0 , q k,0 ∈ B are projections satisfying condition:
q k,0 = p 0 and (e 4.24)
.., h and (e 4.25) Note that the unit ball of B 0 is compact.
Choose large n 0 so that and for all b ∈ B 0 ,
Since ϕ 2 is trace preserving, by (e 4.31),
(e 4.32)
We also have
There are x i,k , y i,k ∈ A such that
by Note that we may assume, without loss of generality, (by splitting x i,k , y i,k into more terms), that x i,k , y i,k ≤ 1 for all i and k. Put
Choose a finite subset F B 0 of the unit ball of B 0 which is ǫ 2 /4-dense. Since B 0 is projective, choose δ 0 > 0 and a finite subset G B 0 such that, for any unital G B 0 -δ 0 -multiplicative completely positive contractive linear map L ′ from B 0 to a unital C * -algebra A ′ , there exists a unital homomorphism
We may assume that G B 0 contains a generating set of B 0 . Put
Choose a large finite subset F 3 of A such that for any non-zero element z ∈ F 2 , there are a z,i , b z,i ∈ F 3 such that
(e 4.36)
By the virtue of 4.2, there is a finite dimensional C * -subalgebra B 1 with 1 B 1 = p such that pz − zp < ǫ 3 for all z ∈ F 3 , (e 4.37) dist(pzp, B 1 ) < ǫ 3 for all z ∈ F 3 and (e 4.38)
(e 4.39)
.40)
.41)
(e 4.42)
.., N (e 4.43) 
· · · M R(k 0 ) and let π r : B 1 → M R(r) (C) be the quotient map, r = 1, 2, ..., k 0 .
Moreover, by the choice of δ 0 , we may assume that there exists an isomorphism h 0 : B 0 → B 1 such that
(e 4.47)
Moreover, by (e 4.36) and the choice of G B 0 and ǫ 3 , we may assume that π r • h 0 is an isomorphism for each r. Furthermore, we may assume that
We have
(e 4.51)
By (e 4.45), and applying 4.4,
x ∈ conv η 0 (U (x 1 )), (e 4.52)
(e 4.53)
By (e 4.47),(e 4.34), (e 4.35),(e 4.37) and (e 4.53),
and (e 4.57)
By (e 4.55), (e 4.56),(e 4.57) and (e 4.58), we have (U (y 1 )) .
(e 4.68)
By part (2) of 3.6 (recall that µ 1 = 0),
(e 4.69)
By (e 4.37),(e 4.41), (e 4.42) and (e 4.69)
It follows (by also (e 4.28)) that
It follows from (e 4.71), (e 4.68) and (e 4.52) that
x ∈ ǫ conv(U (y)).
Corollary 4.6. Let A be a unital separable simple C * -algebra with tracial rank zero and let x, y ∈ A be two normal elements. Then the following are equivalent:
(1) x ∈ conv(U (y)); (2) there exists a sequence of unital completely positive maps ψ n : A → A such that lim n→∞ ψ n (y) − x = 0 and τ (ψ n (a)) = τ (a) for all a ∈ A and for all τ ∈ T (A); and Proof. We have established that (1) and (3) are equivalent. It is also clear that (2) implies (3), and (1) implies (2) follows from 3.7.
Normal elements with small boundaries
The following follows from [17] .
Lemma 5.1 ([17]
). Let X be a compact subset of the plane, ǫ > 0 and let F ⊂ C(X) be a finite subset. There is δ > 0 and a finite subset G ⊂ C(X) satisfying the following: If ϕ : C(X) → F is a G-δ-multiplicative completely positive contractive linear map, where F is a finite dimensional C * -algebra, then there exists unital homomorphism h :
Definition 5.2. Let X be a compact metric space, let A be a C * -algebra with T (A) = ∅, and let T ⊂ T (A) be a subset. Suppose that ϕ : C(X) → A is a unital homomorphism. We shall say ϕ has (SB) property with respect to T, if, for any δ > 0, there is a finite open cover
.., m, where µ τ is the probability Borel measure induced by the state τ • ϕ.
If T = T (A), we shall simplify say that ϕ has (SB) property.
The following is easily proved (see the proof of Lemma 3 of [15]).
Proposition 5.3. Let A be a unital simple C * -algebra with T (A) = ∅. Suppose that ϕ : C(X) → A is a unital homomorphism with (SB) property. Then the following holds: For any δ 1 > 0 and η > 0, there exists δ 2 > 0 with δ 2 < δ 1 and there exists a compact subset Kof X such that
.., m, and
Lemma 5.4 (see the proof of Lemma 2 of [15] and that of Lemma 4.8 of [16] ). Let A be a unital simple C * -algebra T (A) = ∅ such that its extremal points ∂ e (T (A)) has countably many points. Suppose that X is a compact metric space and ϕ : C(X) → A is a unital homomorphism. Then ϕ has (SB) property.
Proof. Let δ > 0. For each ξ ∈ X, consider S ξ,r = {x ∈ X : dist(x, ξ) = r}, where 0 < r < δ/2. Since ∂ e (T (A)) is countable, there is 0 < r ξ < δ/2 such that µ τ (S ξ,r ξ ) = 0 for all τ ∈ ∂ e (T (A)).
It follows that µ τ (S ξ,r ξ ) = 0 for all τ ∈ T (A).
Note that µ τ (∂(O ξ i )) = 0, i = 1, 2, ..., m.
Lemma 5.5. Let A be a unital simple C * -algebra with tracial rank zero. Suppose that x ∈ A is a normal element with sp(x) = X and j x : C(X) → A is the induced monomorphism which has (SB) property. Then, for any ǫ > 0, any σ > 0, and any finite subset F ⊂ C(X), there exists a finite subset G ⊂ C(X) and η > 0 satisfying the following condition: If ϕ : C(X) → F is a unital homomorphism, where F is a finite dimensional C * -subalgebra of A such that
then there exists a unital homomorphism ϕ 1 : C(X) → F and a unital completely positive contractive linear map L :
Proof. Choose δ 1 > 0 such that
Choose η = min{ǫ/64, σ/4}. Suppose that j x : C(X) → A is a unital homomorphism with (SB) property. Without loss of generality, we may assume that F is in the unit ball of C(X). There is δ 2 > 0 with δ 2 < δ 1 /4 and there are compact subset
Without loss of generality, we may assume that
(e 5.3)
Let ϕ : C(X) → F be a unital homomorphism for some finite dimensional C * -subalgebra F of A which satisfies (e 5.1) for η 0 = min{η/8(N + 1), s 0 /2}. where p 1 , p 2 , . .., p n are mutually orthogonal projections and x 1 , x 2 , ..., x n are distinct points. By the choice of s 0 and η 0 , and by reordering, we may assume that {x 1 , x 2 , ...,
(e 5.5)
Note also that, by (e 5.1) and (iv) of 5.3,
. Therefore q i is a sum of all projections p j with property that x j ∈ Y ′ i and some of projections p j with property x j ∈ Y i \ Y ′ i . Note that q i = 0 for all i ∈ {1, 2, ..., N } and q i q j = 0 if i = j and N i=1 q i = 1 F . We may also write q i = k∈S i p k , where
It follows from (e 5.1) and (e 5.6) that
Let C be the C * -subalgebra of F generated by q 1 , q 2 , ..., q N .
and π j : F → M r(j) is the quotient map. Define C j = π j (C), j = 1, 2, ..., m. Put q i,j = π j (q i ) and p k,j = π j (p k ) which we also view them as projections in F as well as projections in A.
Put
.., N. Then, for fixed i, by (e 5.7), m j=1 τ (q i,j ) < τ (j x (g i )), i = 1, 2, ..., N. Thus, by 3.8 we obtain a i,j ∈ A + such that (again, viewing q i,j as projection in A),
τ (a i,j ) and (e 5.9)
Then, by (e 5.2),
(e 5.11)
Then, by (e 5.7) and (e 5.10), for all c ∈ F,
We also note that
In other words, L 1 maps C into j x (C(X)). Moreover, by (e 5.3),
Since M r(j) and C j are von-Neumann algebras, there exists a conditional expectation E j : M r(j) → C j such that t(E j (a)) = t(a) for all a ∈ M r(j) , where t ∈ T (M r(j) ), j = 1, 2, ..., m.
Consequently,
τ (E j (a)) = τ (a) for all a ∈ M r(j) and τ ∈ T (A).
(e 5.17)
Hence we also have, by (e 5.11),
Moreover, for any f ∈ C(X), by (e 5.18) and (e 5.15),
Furthermore, by (e 5.17) and (e 5.12),
Lemma 5.6. Let A be a unital simple C * -algebra with tracial rank zero and with a unique tracial state. Suppose that x ∈ A is a normal element with sp(x) = X and j x : C(X) → A is the induced monomorphism. Then, for any ǫ > 0, any σ > 0, and any finite subset F ⊂ C(X), there exists a finite subset G ⊂ C(X) and η > 0 satisfying the following condition: If ϕ : C(X) → F is a unital homomorphism, where F is a finite dimensional C * -subalgebra of A such that
(e 5.19)
then there exists a unital completely positive contractive linear map L :
Proof. By the assumption and 5.4, j x has (SB) property. The proof is a simplification of that of 5.5. We keep all lines of the proof of 5.5 until C is defined. Let τ be the only tracial state of A. Then since both F and C are von Neumann algebras, there is a conditional expectation E : F → C such that τ (E(a)) = τ (a) for all a ∈ F.
(e 5.20) Let ϕ 1 be as the same as defined in the proof of 5.5. Note that ϕ 1 (C(X)) = C since
It follows that, as ϕ 1 (f ) − ϕ(f ) < min{ǫ/16, σ/4} for all f ∈ F (by (e 5.11)),
We also have, by (e 5.21),
Theorem 5.7. Let A be a unital separable simple C * -algebra with tracial rank zero.
Suppose that x, y ∈ A are two normal elements with sp(x) = X and sp(y) = Y. Denote by j x : C(X) → A and j y : C(Y ) → A the embedding given by j x (f ) = f (x) for all f ∈ C(X) and j y (g) = g(y) for all g ∈ C(Y ). Suppose that j x has (SB) property and suppose that there exists a sequence of unital positive linear maps Φ n :
where z x is the identity function on sp(x) = X. Then y ∈ conv(U (x)).
Proof. Without loss of generality, we may assume that x , y ≤ 1. To show y ∈ conv(U (x)), without loss of generality, we may assume that 0 ∈ sp(x), as in the beginning of the proof of Theorem 4.5. Let z x ∈ C(X) be the identity function on X so that j x (z x ) = x. Let ǫ > 0 and σ > 0. Let F = {1, z x } ⊂ C(X) be a finite subset. Choose δ 0 > 0 such that
(e 5.28) Choose δ 00 = min{δ 0 , ǫ/2 10 }. One may write
where O i is an open subset of X with diameter no more than δ 00 /3 and
Since 0 ∈ X, as we assumed, without loss of generality, we may also assume that ξ 1 = 0. Since A is a unital simple C * -algebra, for each ξ ∈ X,
where µ τ is the Borel probability measure induced by τ • j x . Then
Choose an integer K > 0 such that 12 · 2 8 /K < ǫ. Let
Let η > 0 and finite subset set G ⊂ C(X) be given by 5.5 for ǫ 1 /4 (in place of ǫ) and ǫ 1 /2 (in place of σ). We may assume that F 1 ⊂ G. Without loss of generality, we may also assume that g ≤ 1, if g ∈ G.
Choose a finite subset G X ⊂ C(X) (in place of G) and δ 1 > 0 (in place of δ) be given by 5.1 for G (in place of F 1 ) and ǫ 2 /2 (in place of ǫ) as well as X. Put
Fix a finite subset F A ⊂ A. Let us assume that a ≤ 1 if a ∈ F A and
Since A has tracial rank zero, there is a finite dimensional C * -subalgebra F 1 ⊂ A with 1 F = p and an F A -ǫ 2 -multiplicative completely positive contractive linear map ψ : A → F 1 such that ap − pa < ǫ 3 for all a ∈ F A , (e 5.31)
(e 5.33)
By applying 5.1, there is a unital homomorphism ϕ ′ : C(X) → F such that
(e 5.34)
Moreover, 
(e 5.37)
and (e 5.38)
By (e 5.36) and (e 5.38), we have
(e 5.41)
, where t i ∈ X and p 1 , p 2 , ..., p m ′ are mutually orthogonal projections in F. We may also write
for all f ∈ C(X). Note that
(e 5.43)
(e 5.44)
We have (using (e 5.28)) and for all g ∈ L 1 (ψ(F A )) ∪ {L 1 (q i ) : 1 ≤ i ≤ N }. Note that, by (e 5.50) and (e 5.40),
Similarly, by (e 5.46), Let
We may also assume that F ′ A contains an ǫ 3 -dense subset of the unit ball of F 1 . By choosing even smaller ǫ 4 and larger F ′ A , since F 1 is projective, we may assume that there is a homomorphism
for any F ′ A -ǫ 4 -multiplicative completely positive contractive linear map L ′ from F 1 to any C * -algebra.
Since A has tracial rank zero, by applying 4.2, there are finite dimensional C * -subalgebra F 2 with e = 1 F 2 and a F ′ A -ǫ 4 -multiplicative completely positive contractive linear map ψ 1 : A → F 2 such that ae − ea < ǫ 4 for all a ∈ F ′ A , (e 5.56) We also assume that {λ 1 , λ 2 , ..., λ l } is ǫ 4 -dense in Y. By (e 5.53) and (e 5.54), as in the proof of 4.5, by choosing sufficiently large F ′ A , we may assume that
and (e 5.61)
Moreover, t(ψ 1 (1 − e)) < ǫ 3 for all t ∈ T (F 2 ). (e 5.63)
We may further assume that ψ 1 (b) = 0 for b in an ǫ 3 -dense subset of the unit ball of
as well as a normal element x ′ ∈ (1 − e)A(1 − e) such that
Note, that
Moreover, there is a homomorphism h F :
Since ψ 1 (b) = 0 for those b in an ǫ 3 -dense subset of the unit ball of 
It follows from (e 5.64), (e 5.61) and (e 5.67) that
. Then, by (e 5.63) and by (e 5.67),
(e 5.72)
By (e 5.67) and (e 5.62), 
(e 5.76)
By (e 5.60) and 4.4,
(e 5.77)
By the fact ξ 1 = 0, and by (e 5.73), (2) of 3.6, and by (e 5.65)
By (e 5.48), (e 5.78), (e 5.76) and (e 5.77), we obtain y ∈ ǫ conv(U (x)).
Corollary 5.8. Let A be a unital separable simple C * -algebra with tracial rank zero and with countably many extremal tracial states. Suppose that x, y ∈ A are two normal elements with sp(x) = X and sp(y) = Y. Denote by j x : C(X) → A and j y : C(Y ) → A the embedding given by j x (f ) = f (x) for all f ∈ C(X) and j y (g) = g(y) for all g ∈ C(Y ). Suppose that there exists a sequence of unital positive linear maps Φ n : C(X) → C(Y ) such that Then y ∈ conv(U (x)).
Theorem 5.9. Let A be a unital separable simple C * -algebra with real rank zero, stable rank one and weakly unperforated K 0 (A), and let x, y ∈ A be two normal elements. Suppose either the embedding j x has (SB) property or T (A) has countably many extremal points, and suppose that exists a sequence of unital positive linear maps Φ n : C(X) → C(Y ) such that Then y ∈ conv(U (x)).
Proof. It follows from Theorem 4.5 of [20] that there exists a unital simple AHalgebra B with real rank zero and no dimension growth such that there is a unital monomorphism H : B → A which induces the following identification:
Since both A and B have real rank zero, by [5] , ρ A (K 0 (A)) is dense in Aff(QT (A)) and ρ B (K 0 (B)) is dense in Aff(T (B)). It follows that H induces an affine isomorphism H ♯ from Aff(T (B)) onto Aff(QT (A)). Fix x, y ∈ N (A). Let X = sp(X) and let j x : C(X) → A be the embedding given by j x (f ) = f (x) for all f ∈ C(X), and let γ : C(X) s.a. → Aff(QT (A)) be given by γ(f )(τ ) = τ (j x (f )) for all τ ∈ QT (A). Note that [j x ] and γ are compatible. Note also that τ • j x is a tracial state on C(X). It follows from 5.3 of [25] that there is a normal element x 1 ∈ B with sp(x 1 ) = X and [j Exactly the same argument shows that there is y 1 ∈ N (B) such that y 1 and y are approximately unitarily equivalent. and there exists a unital injective homomorphism j y 1 : C(Y ) → B ⊂ A is induced by y 1 , Note that, by [21] , B has tracial rank zero. By 5.7 or 5.8, x 1 ∈ conv(U (y 1 )). It follows that x 1 ∈ conv(U (y)), whence x ∈ conv(U (y)).
Theorem 5.10. Let A be a unital separable simple C * -algebra with tracial rank zero and with a unique tracial state. Suppose that x, y ∈ A are two normal elements with sp(x) = X and sp(y) = Y. Denote by j x : C(X) → A and j y : C(Y ) → A the embedding given by j x (f ) = f (x) for all f ∈ C(X) and j y (g) = g(y) for all g ∈ C(Y ). Suppose that there exists a sequence of unital completely positive linear maps Φ n : A → A such that 
